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In  this  Memorandum  we  solve  the  graph-theoretical  problem 
of  characterizing  clique  graphs.  The  body  of  the  Memorandum 
divides  into  two  parts.  The  first  part,  consisting  of  pages  1—11, 
contains  the  main  results  and  several  principal  applications  of  the 
main  theorems.  An  abridged  version  consisting  of  this  first  part 
only  has  been  submitted  for  publication  in  the  Journal  of  Combinatorial 
Theory  and  also  prepared  for  presentation  at  the  American  Mathe¬ 
matical  Society  Meeting  in  New  York,  April  4,  5,  1969.  The  second 
part  of  the  Memorandum  consists  of  additional  applications  of  the 
main  theorems,  some  partial  results,  and  some  questions  posed 
for  further  research. 

The  results  in  this  Memorandum  have  possible  application  in 
genetics  and  in  the  theory  of  measurement  in  psychology,  through 
their  connection  with  the  interval  graph  research  of  Fulkerson  and 
Gross  (  incidence  Matrices  with  the  Consecutive  On*'s  Prope rty, 

RM  J984--PR).  For  the  measurement  applications  of  interval  gra,  s, 
the  reader  is  referred  to  RM-5782-PR,  On  Nortransitive  Indifference 
(Roberts),  There  is  also  a  potential  sociological  application — the 
graph-theoretical  term  "clique"  arises  from  the  corresponding 


sociological  notion. 
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ABSTRACT 

In  a  recent  paper  [4],  Hamelink  obtains  an  interesting  sufficient 
condition  for  a  graph  to  be  a  clique  graph.  In  this  Memorandum 
we  give  related  conditions  which  are  necessary  as  well  as  sufficient. 
As  an  application  of  our  result  we  show  that  Hamelink' s  condition 
is  also  necessary  in  certain  special  cases  and  that  here  it  can  be 
greatly  simplified.  As  another  application,  we  derive  certain 
theorems  useful  in  practice  in  reducing  the  question  of  whether 
a  given  graph  is  a  clique  graph  to  whether  certain  smaller  or 
simpler  graphs  are.  Next,  we  relate  the  clique  graph  results  to 
some  work  of  Fulkerson  and  Gross  [2]  on  interval  graphs  and  the 
consecutive  ones  property.  Finally,  we  include  some  remarks, 
motivated  by  our  clique  graph  results,  on  graphs  with  no  independent 


cut  sets. 
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A  CHARACTERIZATION  OF  CLIQUE  GRAPHS 

1.  INTRODUCTION 

Our  graphs  will  all  be  finite,  nomlirected,  with  no  loops  or 
multiple  edges.  If  G  is  a  graph,  V(C>  will  denote  the  set  of  vertices 
of  G  and  E(G)  fhe  set  of  edges.  We  denote  the  ad  jacency  relation  by 
I,  i.  e.  ,  if  x,  y  f  V(G),  then  xly  ifi  (x,  y)  e  E(GF  A  clique  of  G  is  a 
maximal  complete  subgraph.  (Some  authors  use  the  terminology 
dominant  clique.  )  Given  G,  let  Kj,  U.,,  .  .  .  ,  K  be  its  cliques. 
Define  II  bv  V(H)  =  IK,,  K„,  .  .  .  ,  K  1  and  (K  ,  K  )*  K(H)  iff  i  4  i  and 
K.  "  K.  i  0.  Then  wc  call  H  the  clique  graph  of  (;  and  write  11  -  K(G) 
The  main  problem  we  are  concerned  with  is  this:  given  a  graph  II, 
is  it  the  clique  graph  of  some  G  '* 

* 

The  authors  would  like  to  acknowledge  the  helpful  comments 
of  Jon  Folk  man  and  Rav  Fulkerson. 
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2,  THE  CHARACTERIZATION 

Let  X  be  a  collection  of  complete  subgraphs  of  a  graph  H. 

We  shall  say  X  has  property  J  (for  intersection)  if  whenever 
L  ,  L„,  . . . ,  L  are  ir:  X  and  L.  0  L.  j  0  for  all  i,  j  then  the  total 

p  p  1  3 

intersection  L.  i  0.  We  say  X  has  property  J  if  the  above 
holds  whenever  p  =  m.  Finally,  let  X(H)  be  the  collection  of  all 
cliques  of  the  graph  H. 

THEOREM  1.  (Hamelink):  If_X(H)  satisfies 
property  «$  then  H  is  a  clique  graph. 

Note  how  the  condition  that  the  points  of  H  represent  cliques  is 
reflected  in  the  cliques  of  H  itself.  The  converse  of  Theorem  1  is 
not  true.  To  give  an  example,  let  H  and  G  be  the  graphs  shown  in 
Fig.  1.  Then  H  a  K(G),  but  the  set  X(H)  does  not  satisfy  property 
J.  For,  take 

Lj  »  {A,  B,  C,  D}  ,  L2  =  (E,  B,  F,  G]  and  Lg  =  (i,  D,  G,  H)  . 

THEOREM  2.  (Characterization  of  Clique  Graphs): 

A  graph  H  is  a  clique  graph  iff  there  is  a  collection  X  of 
complete  subgraphs  of  H  which  satisfies  the  following  two 
properties: 

(1)  X  covers  all  the  edges  of  H,  i.  e. ,  if  x,  y  t  H 
and  xly,  then  [x,y]  is  contained  in  some  element  of  X. 


Proof.  The  proof  of  sufficiency  is  essentially  Hamelink's 


proof  of  Theorem  1.  Let  X  =  (L  ,  L~,  L  }.  Define  the 

i  C*  p 

graph  G  as  follows. 

V{G)  *  V(H)  U  X 

If  he  V{H),  then  h  I  L.  iff  he  L. 

1  1 

L.  I  L  iff  i  4  i  and  L.HL.  4  0 
i  3  *  i  3 

If  h,  h!  «  V(H),  then  not  hlh'. 


The  claim  is  that  H  *  ;f(G).  To  prove  this,  let  C(h)  =  { h }  U  [L.:h  e  L 
It  is  easy  to  see  that  each  2(h)  is  a  clique  of  G.  Moreover,  these 
are  the  only  cliques  of  G.  For.,  let  C  be  a  complete  subgraph  of  G. 
Then  if  C  contains  an  element  h  of  V(H),  we  have  C  c  C(h).  And 
otherwise,  C  is  contained  in  some  C(h)  by  property  J  . 

To  prove  the  necessity  of  the  conditions,  suppose  H  =  K(G). 


Let  V(G)  *  (g  ,g„,  ....  g  L  let  V(H)  =  (h  .h,,,  .  .  h  },  and  let 

j  4  ii  i  it  rj 

.  .  . ,  denote  the  cliques  of  G,  rebelled  in  such  a  way 


that  h.Ih.  iff  K.  OK.  4  0  For  i  *  1,  2, ...  ,  n,  define  L.  *  {h.:  g.  c  K. 
t  3  1  3  1  3  1  3 


Each  L.  is  complete,  because  if  h.  and  h  are  in  L.,  then  g.  «  K.  flK, 

1  1  K  1  i  J  K 

and  ao  h.Ih,  .  The  claim  is  that  K  =  (L,,  L„,  .  t  L  ]  satisfies 

j  k  1*  2’  5  n 


pronerties  (1)  ar  ’  (2).  Property  (1)  is  satisfied  because  if  h.Ih 

3  14 


then  K.  fl  K,  4  0.  Finally,  X  satisfies  property  J.  For,  suppose 
j  k 


L.  ,  I  ,  .  L.  pairwise  intersect.  Then  for  all  j,  k,  there 
ll  l2  lr 


K 
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is  a  point  h  in  L.  0  L 


jk 


3 


Thus  g.  and  g.  are  both  in  K.,  and 

%  Jk 


therefore  we  have  g;  Ig.  .  It  follow  s  that  { g.  ,  g.  ,  .  .  .  ,  g.  )  is 

j  k  lr  2  r 

contained  in  some  clique  K  of  G  and  thus  h  £  0  L  .  Q.E.D. 

s  s  t*i  if 

Re  mark.  Theorem  2  is  reminiscent  of  Krausz'  [5]  character¬ 


ization  of  line  graphs. 
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3.  THE  CASE  OF  CLIQUE  NUMBER  <  3 

There  are  certain  situations  where  the  conditions  of  Theorem  2 
may  be  simplified,  i.  e. ,  where  the  conditions  of  Hamelink  become 
necessary  as  well  as  sufficient.  This  fact  will  follow  by  a  simple 
application  of  Theorem  2.  We  first  require  one  lemma. 

LEMMA  1.  Suppose  X  is  a  collection  of  complete 
subgraphs  of  a  graph  H,  X  satisfies  (1)  and  (2)  of  Theorem  2, 
end  suppose  no  member  of  X  is  contained  in  any  other.  Then 
K  contains  a  2— element  set  iff  this  set  is  a  clique  of  H. 

Proof.  Every  2-element  clique  is  contained  in  K  by  property 
(1).  Conversely,  suppose  Lj  *  [h,h')e  K  and  there  is  a  point 
h"  ^  h,  h'  which  is  adjacent  to  both  h  and  h’.  Then  there  are  sets 
L2  and  L3  in  h  such  that  { h,  h" }  c  and  { h*,  h" }  c  l  .  It  follows 
that  Lj,  L2,  pairwise  intersect  but  have  no  point  in  common, 
violating  property  J  .  Q.E.D. 

Definition.  u>  (H)  *  clique  number  of  H  =  max  {  I L ! :  L  is  a 
clique  of  H }  . 


THEOREM  3.  If  <u(H)  <  3,  then  H  is  a  clique  graph 
iff  K(H)  satisfies  property  J  . 

Proof.  If  H  is  a  clique  graph  then  there  is  some  collection  X 
ol  complete  subgraphs  satisfying  properties  (l)  and  (2)  of  Theorem  2. 

1 

I 


— 7— 


Let  K'  be  t tie  collection  of  all  (setwise)  maximal  elements  of  X 
together  with  all  one-element  cliques  of  H.  This  collection  still 
satisfies  properties  (1)  and  (2).  We  shall  show  that  X'  *  X(H). 

K!  c  K(H)  follows  directly  by  Lemma  1  since  id(H)  <  3.  To  show 
K(H)  c  X suppose  Lc  X(H).  That  Lt  K1  follows  easily  if  |l|  <3. 
Thus,  let  L  =  {h1,h9,  h^}  .  By  property  (1)  X'  has  elements  L 
containing  {h  ,h2l,  { h  1 ,  h ^ }  and  {h0,h3},  respectively.  Since 
X'  satisfies  property  (2),  there  is  a  point  h  in  L  flL  0  L„.  Since 
h  is  in  each  L^,  it  is  adjacent  to  or  equal  to  each  point  hr.  Thus 
{  h  ,  h„,  h  ,  h  }  is  complete  in  H  and  u;(H)  <  3  implies  that  h  =  h., 
some  i.  If  i  «  1,  say,  then  L^  =  { h ^ ,  h2>  hg}  and  so  L  f  K! 

The  converse  follows  by  Theorem  2.  Q.E.D. 

Actually  it  turns  out  that  if  ui(H)  <  3,  property  J  is  equivalent 
to  the  much  weaker  property  This  will  follow  from  the  next 

lemma,  and  will  give  us  a  very  simple  criterion  for  clique  graphs 
if  uj(H)  <  3. 

LEMMA  2.  Suppose  uu(H)  <  m  and  ^  is  a  collection 
of  complete  subgraphs  of  H.  Then  K  satisfies  property 
J  iff  it  satisfies  property  J  . 

Proof.  The  case  m  *  1  is  trivial.  Suppose  m  >  1  and  suppose 

X  satisfies  J  but  not  J.  Then  there  are  L,,L_,  .  .  .  ,  L  in  X 
m  1’  2  ’  p 

which  pairwise  intersect  but  have  no  point  in  common.  We  begin 
by  observing  that  |  L.  fl  L .  |  =  m-l ,  ail  i  i  j. 


Let 


For  iL.O  L.|  <  |  L .  j  <  m.  Suppose  |l.  0  L. !  *  r  <  m-1. 

1  J  i  *  1  J 

L.HL.-fk,,  k„,  k  }.  Then  *br  each  u  there  is  such 

i  j  1  2’  ’  r  t 

u 

that  k  4  L.  .  Hence  {L.,  L ,L  .  ....  L,  }  consists  of  <  m 

u  t  i'  i’  t,’  t  '  '  t  * 

u  J  1  2  r 

elements  of  K  which  pairwise  intersect  but  have  no  point  in  common, 
violating  property 

Since  Il.DL.I  =  m— 1,  all  i^j,  it  follows  that  there  aie  distinct 
t  J 

points  h.,hn .  h  , ,  in  H  so  that 

12  m+1 


L.  *  thj,  h2, 


,  h.  ,,  h.,  h.it, 
'  i-l  *  r  i+ 1  ’ 


,  h  }, 

m+ 1 


where  the  symbol  h.  means  h.  is  omitted.  But  now  the  points  lr 
and  h  are  adjacent  in  H  for  all  j  because  h.,  h  are  in  the 

K  ]  K. 

complete  subgraph  L.  for  i  4  j,  k.  Thus  {h^,  h^,  .  .  . ,  h  j}  is  a 
complete  subgraph  of  H,  ^  id  this  violates  uu(H)  -  m.  Q.E.D, 


THEOREM  4.  U  uu(H)  <  3,  then  H  is  a  clique 
graph  Iff  ?  H)  satisfies  property 

Proof.  Theorem  3  and  Lemma  2.  Q.E.D. 

Definition.  A  graph  Hj  is  a  partial  subgraph  of  a  graph  H2 
if  V(H^)  £  V(H2)  and  EfH^  c  E(H2). 

COROLLARY.  If  uu(H)  <  3,  then  H  is  a  clique 
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Proof.  Suppose  H  has  such  a  partial  subgraph.  Since  «u(H)  <  3, 
the  three  outer  triangles  are  cliques.  These  pairwise  intersect  but 
have  no  point  in  common,  violating  property  J  for  K(H).  Conversely, 
suppose  H(H)  does  not  satisfy  property  Jg.  Let  K^,  K2,  K3  be  three 
cliques  which  pairwise  intersect  but  have  no  point  in  common. 

Using  id(H)  <  3,  it  is  easy  to  prove  that  each  K.  is  a  triangle. 
Moreover,  |K.  f!  K.|  *  1,  i  4  j.  For  suppose  for  example 
|f.1  n  K2I  -  2.  Let  Kx  =  fhj,  h2,  and  let  K?  =  {hj,  h2,  h41. 
Then,  since  K  D  K3  4  0,  K2  n  Kg  4  0  and  n  K2  0  Kg  *  0, 
we  conclude  =  fhg,  h4>  h^},  some  h&.  It  follows  that 

[h^,  h2,  h3,  h4)  is  complete,  violating  uu(H)  <  3.  Thus,  K^,  Kg, 
are  triangles  with  no  common  point,  each  pair  of  which  has  exactly 
one  point  in  common.  This  implies  that  the  vertices  of  K^,  Kg,  Kg 
are  the  vertices  of  a  partial  subgraph  isomorphic  to  the  graph  of 
Fig.  2.  Q.E.D. 


Figure  2 
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4.  REDUCTION  THEOREMS 

As  a  further  application  of  Theorem  2,  we  present  some  results 
which  might  be  useful  as  tools  in  reducing  the  question  of  whether  a 
given  graph  is  a  clique  graph  to  whether  certain  smaller  or  simpler 
graphs  are  clique  graphs.  The  proofs  are  straightforward  using 
the  characterization. 

THEOREM  5.  Suppose  H  is  disconnected  and 
Hl’  H2’  •••»  Hp  are  its  components.  Then  H  is  a 
clique  graph  iff  each  H.  is. 

Proof.  Trivial  (even  without  the  characterization  ). 

THEOREM  6.  Suppose  H  is  a  connected  graph 
with  a  cut  point  h .  Let  H-t^H^  +  H^,  H  ^  0  H  ^  *  0  , 
and  suppose  there  is  no  edge  from  H1^  to  H^J.  If 
H.  =  H!  +  h,  then  H  is  a  clique  graph  iff  H^  and  H^  are. 

Proof.  If  X.  is  a  collection  of  complete  subgraphs  of  H. 
satisfying  ( 1)  and  (2),  then  X  =  K  U  satisfies  (i)  and  (2)  for  H. 
Conversely  if  K  is  a  collection  of  complete  subgraphs  of  H  satisfying 
(1)  and  (2),  then  X.  !l«  X:  LCV(H  is  a  collection  of  complete 
subgraphs  satisfying  ( 1)  and  (2)  for  H. .  Q.  E.  D. 


t 
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CQROLLARY  6.  1.  Suppose  H  is  a  connected 

graph  with  a  cut  point  h.  Let  H' ,  H^,  .  .  . ,  H1  be  the 

i  u  n 

com nonents  of  H  -  h  and  let  H .  be  the  subgraph  generated 

by  H!  plus  the  vertex  h.  Then  H  is  a  clique  graph  iff 

each  H.  is. 

-  i  — 

Proof.  The  argument  is  similar.  Q.E.D. 

Definition.  Suppose  H  is  a  graph  and  S  is  a  subset  of  V(H)  so 
that  h,h'  €  S  implies  not  hlh'.  Then  S  is  an  independent  set.  If  in 
addition  S  is  a  cut  set  S  will  be  called  an  independent  cut  set. 

COROLLARY  6.  2.  Suppose  H  is  a  connected  graph 
and  S  is  n  independent  cnt  et  of  H.  Let  H  -  S  * 

II 1  D  II  j  0  and  suppose  that  there  is  no  edge  from  to 
H^.  If  H.  is  the  subgraph  of  H  generated  by  H!  plus  S, 
then  H  is  a  clique  graph  iff  and  H,^  are. 

Proof.  The  argument  is  again  similar.  Q.  E.  D. 

COROLLARY  6  3.  Suppose  H  is  a  connected  graph 
and  for  some  h,  {h':hlh'}  is  an  independent  set.  Then  H 


is  a  clique  graph  iff  H  —  h  is. 


We  make  some  remarks  on  identifying  those  graphs  which 

have  no  independent  cut  sets  in  Sec.  6. 

We  next  turn  to  another  type  of  reduction  which  has  proved 

useful  in  similar  problems  on  interval  graphs.  (Cf.  ,  Roberts  [7]). 

Let  us  say  that  two  noints  h,  h*  of  a  graph  H  are  equivalent,  denoted 

hEh1,  if  they  belong  to  the  same  cliques.  Thus  hEh'  holds  iff 

h  *  h'  cr  hlh'  and  in  addition  h  and  h!  are  adjacent  to  exactly  the 

same  points  x  i  h,  h\  It  is  easy  to  verify  that  FI  is  an  equivalence 

* 

relat'on.  We  define  H  to  be  the  graph  whose  vertex  set  is  the 
set  of  equivalence  classes  and  so  that  two  distinct  equivalence 
classes  are  adjacent  iff  their  representatives  are  adjacent. 

THEOREM  7  j[f  H*  is  a  clique  graph  then  H  is. 

# 

Proof.  Suppose  h  is  a  collection  of  complete  subgraphs  of 

#  *  * 

H  satisfying  (l)  and  (2)  of  Theorem  2.  If  L  <  k  ,  let 

* 

L  *  (h:  [h]  <  L  }  ,  where  [h]  is  the  equivalence  class  containing 

*  * 

h.  It  is  easy  to  show  each  L  is  complete  and  k  =•  {  L;  L  *  k  ) 
satisfies  (1)  and  (2)  Q.  E.  D. 


THEOREM  8.  Suppose  m(H)  <  3.  Then  H  is 

ft 

clique  graph  iff  H  is. 


Pro'  f.  One  direction  follows  by  Theorem  7  and  the  other 


dirt  tion  b_,  the  corollary  to  Theorem  4.  To  show  the  latter,  note 
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that  if  H  has  a  partial  subgraph  isomorphic  to  the  graph  of 
Fi6.  3,  then  so  does  H;  namely  one  whose  vertices  consist  of 
one  representative  from  each  vertex  in  H^.  Q.  E.  D. 

We  have  been  unable  to  settle  the  question  of  whether  the 
converse  of  Theorem  7  holds  without  any  special  assumptions  about 
the  clique  number  i.  To  close  this  section  we  include  a  result 
which  though  not  u  reduction  theorem  itself,  appears  to  be  helpful 
in  deriving  reduction  theorems. 

Definition  We  say  a  point  g  in  a  graph  is  sirr.pl’.c tax,  following 
Lekkerkerker  and  Boland  [6],  if  (g1-.  gig'}  is  complete.  We  say 
a  graph  H  is  a  strong  clique  graph  if  there  is  a  G  sc  that  H  3  K(G) 
anil  so  that  each  clique  of  G  contains  a  simphcial  point  (Equivalently, 
each  clique  of  G  consists  of  a  simpiicial  point  and  all  its  neighbors  ) 

T 1 1 E OREM  9.  11  is  a  clique  grant;  if  and  o aly  if 

it  is  a  strong  clique  graph. 

Proof.  If  H  is  a  strong  clique  graph  it  certainly  is  a  clique 

graph.  The  converse  follows  by  adding  to  each  clique  a  point 

adjacent  to  all  points  m  the  clique.  Formally,  let 

V(H)  3  {  h; ,  h2,  .  •  .  ,  h^}  ,  let  H  *  K(G)  with  V(G)  -  ( g, ,  g9,  •  •  ,  g^  }  , 

and  let  K , ,  K„,  ...,  K  be  the  cliques  of  G,  so  labelled  that  hlh  iff 
1  2  n  ’  i  j 

K  K .  i  4.  Then  define  G*  by 
1  J 
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(V(C')  .  fgl,  e2, 

hVgj  lft  8i‘8, 

|  not  h.I'h .  . 

V  1  J 


h  1 
n ' 


Each  h.  generates  ‘he  clique  { h. }  U  [g.;  g  «K.l.  Any  other  clique 
K  in  G’  would  have  to  miss  all  the  h  .  Therefore  it  would  be  a 
clique  in  G  and  so  there  would  be  an  h.  adjacent  to  all  the  points 
of  K  in  G*.  Thus  K  would  not  be  maximal  and  therefore  would 
not  be  a  clique  Q.  E.  D. 


I 
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5.  THE  CONSECUTIVE  ONES  PROPERTY 


Fulkp  son  ana  Cross  [2]  study  a  certain  property  of  graphs 


which,  in  the  light  of  Theorem  1,  see, ns  quite  relevant  to  the 


clique  graph  notion.  If  H  is  a  graph,  Fulkerson  and  Gross  study 


its  (dominant)  clique-vertex  incidence  matrix  77? ( H )  =(m.  )  If 
— — — — - — - ij 


V(H)  =  l  h, ,  h,,,  .  .  ,  h  1  and  L, ,  L_,  .  .  .  ,  L  are  the  cliques  of 


H,  then  m.  is  defined  by 
ij 


1  if  h .  t  L . 
J  t 


0  otherwise 


In  particular,  Fulkerson  and  Gros  study  those  graphs  H  whose 


matrices  V(H)  have  ’he  consecutive  ones  property  (for  col  mns), 


the  rows  may  be  permuted  so  that  the  ones  in  each  column 


appear  consecutively.  It  is  easy  to  see  that  if  T(H)  satisfies  the 


consecutive  ones  property,  then  h(H)  satisfies  property  J  .  For 


suppose  the  cliques  of  li  are  listed  in  the  order  L  ,  L0, 


so  that  the  resulting  matrix  nas  ones  in  each  column  appearing 


consecutively .  Suppose  the  collection  L.  ,L.  .....  L  ,  with 

i,  i0  t 

1  2  p 


i  <  i0  <  _  <  j  ,  has  pairwise  intersections  nonnull.  Then  there 

1  J-  D 


is  an  h  in  L  n  L  Since  ones  in  each  column  appear  consecutively, 
ti.i 
1  P 

this  h  is  in  all  the  L.  We  have  thus  shown 


THEOREM  10.  If  ?r(H)  has  the  consecutive  ones 


prope rty,  then  H  is  a  clique  graph. 


Hfr-  - 
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The  converse  of  this  theorem  is  false.  For  the  collection  of 
cliques  of  a  square(a  4-cyde)  has  property  J,  but  the  clique-vertex 
incidence  matrix  does  not  have  the  consecutive  ones  property. 

The  following  result  now  holds  for  the  interval  graphs  which  have 
been  studied  in  Fulkerson  and  Gross  [2],  Gilmore  and  Hoffman 
[3],  Lekkerkerker  and  Boiand  [  6 ].  and  Roberts  [?]. 

COROLLARY  10.  1.  Every  interval  graph  is 
a  clique  graph. 

Proof.  By  the  results  of  Fulkerson  and  Gross,  H  is  an 
interval  graph  iff  27? (Hi  has  the  consecutive  ones  property.  Q.  E  D. 


6.  GRAPHS  WITH  NO  INDEPENDENT  CUT  SETS  * 

Corollary  6.  2  suggests  that  it  would  be  Interesting  to  identify 
graphs  with  no  independent  cut  sets.  Our  aim  in  this  section  is  to 
present  several  reduction  theorems  relevant  to  this  problem.  We 
do  not  pretend  to  have  solved  it,  but  suggest  it  might  be  interesting 
ar.  d  useful.  The  first  reduction  theorem  concerns  an  interesting 
class  graphs  which  contains  the  interval  graphs,  the  so-caiied 
rigid  circuit  graphs  of  Dirac  [  l], 

THEOREM  11 .  A  rigid  circuit  graph  has  an 
i ndependent  cut  set  iff  it  has  a  cut  point. 

Proof.  By  a  theorem  of  Dirac,  every  minimal  cut  set  in  a 
rigid  circuit  graph  is  complete.  Q.  E.D. 

Another  helpful  reduction  result  is  the  following. 

THEOREM  12.  Suppose  H  is  a  graph  and  h  is  a 
vertex  of  H  so  that,  (h1;  hlh1}  is  not  independent.  Then 
if  H-h  has  no  independent  cut  set,  neither  does  H. 

Proof.  Let  S  be  an  independent  set  in  H  and  assume  H-h  has 
no  independent  cut  sets. 

Case  1.  h«  S.  Then  if  S  were  a  cut  set  in  H,  S-h  would  be  a 
cut  set  in  H-h. 

The  results  in  this  section  were  all  obtained  in  conversations 
with  Jon  Folkman. 
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I 

Cage  2.  n  4  S,  Then  S  not  a  cut  set  in  H-h.  Hence  for  all 

x,  y  t  H~h,  x,  y  4  S,  there  is  a  path  in  H— S— h  from  x  to  y.  Hence 

there  is  such  a  path  in  H— S.  Suppose  now  x  i  h,  x  4  S.  We  show 
there  is  a  path  in  H— S  from  x  to  h.  Since  {h!:  hlh ' }  3  not  independent, 

there  is  v  such  that  hly  and  y  4  S.  We  know  that  there  is  a  path  in 

H— S  from  x  to  y  and  hence  there  is  one  from  x  to  y  to  h.  Thus  S 
is  not  a  cut  set  in  H.  Q,  E.  D. 

Dirac  proves  that  every  rigid  circuit  graph  has  a  simpliciai 
point,  as  defined  above.  {There  are  other  graphs  which  have 
simpliciai  points  well,  )  The  following  reduction  result  is  helpful 
for  those  graphs  which  have  simpliciai  points. 

THEOREM  13.  Suppose  b  is  a  simpliciai  point 
in  a  graph  H  and  h  has  degree  >  1 .  Then  H  has  an 
independent  cut  set  iff  H-h  has. 

Proof.  If  H— h  has  no  independent  cut  scf,  then  by  the  previous 
theorem,  H  has  none  either.  Next  assume  that  H  has  no  independent 
cut  set.  Suppose  S  in  H— h  is  an  independent  cut  set  in  H-h.  Then  * 

there  are  x,  y  in  H-h  so  that  there  is  no  path  from  x  to  y  in  H— S— h. 

Next,  S  is  not  a  cut  set  in  H,  so  there  is  a  (simple)  path  from  x  to  y  in  H-S. 

It  follows  that  the  path  goes  through  h  «  ad  we  may  denote  it 
x,  xJ,x2,  .  .  . ,  xn,  h,  yry2,  .  .  . ,  ym,y.  Now  and  are 

adjacent  to  h  and  so  since  h  is  simpliciai,  XfiIy ^ .  Thus  there  is  a 

* 

1 
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path  from  x  to  y  in  H-S-h:  x,Xj,x  f  x^,  }'m>y. 

This  is  a  contradiction.  Q.  E.  D. 

This  result  together  with  the  Dirac  result  that  every  rigid 
circuit  graph  has  a  simplicial  por">t  provides  another  fairly  simple 
proof  of  Theorem  11. 
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DOCUMENT  CONTROL  DATA 


A  graph-theoretic  discussion  following  up  Graph  Theory 
a  recent  paper  in  which  Hamelink  obtains  Mathematics 
an  interesting  sufficient  condition  for  a  Combinatorics 
graph  to  be  a  clique  graph.  In  the  pres¬ 
ent  study  related  conditions  are  given 
that  are  necess  y  as  well  as  sufficient. 

As  an  application  of  the  result,  it  is 
shown  that  Hamelink's  condition  is  also 
necessary  in  certain  special  cases  and 
that  here  it  can  be  greatly  simplified. 

As  another  application,  certain  theorems 
are  derived  that  are  useful  in  practice 
in  reducing  the  question  of  whether  cer¬ 
tain  sma’ler  or  simpler  graphs  are  clique 
graphs.  Next,  the  clique  graph  results 
are  related  to  some  work  of  Fulkerson  and 
Gross  on  interval  graphs  and  the 

consecutive  l's  property.  Finally,  there 
are  some  remarks,  motivated  by  the  clique 
graph  results,  cn  graphs  with  no  indepen¬ 
dent  cut  sets. 


